Quantum and classical mechanics of non-relativistic particles are shown to be exceptional cases of a generalized dynamics described in terms of maps between two manifolds, the source being configuration space. The map equation automatically leads to a continuity equation, yielding the conservation of the total number of particles. The target space is argued to be 2-dimensional and flat, and their orthogonal directions are physically interpreted. All terms in the map equation have a geometrical meaning in the target space, and the pull-back of its rotational Killing one-form allows the construction of a velocity field in configuration space. Identification of this velocity field with tangent vectors in the source space leads to the dynamical law of motion. For a specific choice of an arbitrary scalar function present in the map equation, and using Cartesian coordinates in the target space, the map equation becomes linear and can be reduced to the Schrödinger equation. We link the bi-dimensionality of the target space with a new interpretation of duality in quantum mechanics. Many extensions of the framework here presented are immediate, with deep consequences yet to be explored.
I. INTRODUCTION
Quantum theory offers a precise set of rules which allows scientists to calculate, and predict with absolute experimental success, an immense variety of probabilistic results, in all energy and length scales already accessible for human scrutiny, from non-relativistic particles to relativistic quantum field theory, from the hydrogen atom to the Higgs field. However, the pillars on which these set of rules are constructed are still under intense debate. The standard view, the Copenhaguen interpretation [1, 2] , is not anymore a consensus, and has been severely criticized, essentially due to its imprecision (e.g. the fuzzy border between the quantum and the classical, the measurement problem, necessary reference to observers) [3, 4] , and its difficulty to furnish a good point of departure for future developments (like being extended to be applied to the whole Universe) [5, 6] . Because of this, many alternatives have been proposed: the many worlds interpretation [5, 7] , the de Broglie-Bohm quantum dynamics [6, 8, 9] , spontaneous collapse theories [10] [11] [12] , the consistent histories approach [13] [14] [15] , and so on. However, none of the proposals acquired consensus in the Physics community.
In order to shed some light on the debate, new ways to view quantum mechanics are very welcome. The aim of this paper is to present quantum mechanics in new geometrical terms, as part of a larger set of dynamical theories, which are characterized by maps between two Riemmanian spaces. We restrict ourselves to the case of l non-relativistic particles.
At first, we review the theory of maps between a source manifold M and a target manifold N. Then, restricting ourselves to map equations involving only first order time derivatives, we define the most general time-dependent map equation allowing a special type of conservation law. All terms in the map equation have well defined geometrical meanings, one being the Hodge dual of the tension and the other being proportional to one Killing vector of N. Afterwards, we make the connection of this mathematical setting to Physics. We first argue that the target space should be 2-dimensional and flat, giving a meaning for the two independent directions, and that the source manifold should be identified with configuration space. Then, identifying an arbitrary scalar appearing in the map equation as the potential energy of the physical system, the arbitrary constants present in it are shown to have dimensions of action. The map equation can be projected in the two orthogonal directions of the target space. The first one yields the conservation law equation, and the associated current is the pull-back of the rotational Killing one-form on the target space. This conservation law implies the conservation of the total number of particles. The current can be used to construct a velocity field in the source space. In this way, a general theory of motion for the l non-relativistic particles was obtained, with two very special cases: classical and quantum mechanics. The exceptionality of these two cases among all other possibilities is described in detail.
With the geometrical description of this generalized mechanics, new insights on the peculiarities of quantum mechanics arise, with immediate possible generalizations.
We hope that our construction can pave the way for new fruitful developments.
The paper is divided as follows: in section II we summarize the theory of manifold mappings we will use. In section III we apply the mathematical setup to quantum physics, and in section IV we present the general theory of motion in which classical and quantum mechanics are inserted. We end up with the conclusions, with the many possible developments that can be explored.
II. MANIFOLD MAPPINGS A. Geometrical Setting
In this section, we set notation, conventions and introduce some geometrical concepts to be used throughout. To start with, we let (M, g), (N, h) denote smooth orientable manifolds with metrics g, h, respectively. The m-dimensional manifold M is called the source space whereas the n-dimensional manifold N is called the target space. If x a (a = 1, ..., m) and y α (α = 1, ..., n) denote local coordinates in open subsets U ⊂ M and V ⊂ N, we write the metrics in these regions as:
In general, we use lower-case latin indices for tensors associated to M and lower-case greeks for those associated to N, whereas partial differentiation with respect to x a or y α will be often abbreviated as ∂ a and ∂ α . In what follows, we shall be concerned with families of maps of the form
Unless otherwise specified, all maps and associated sections will be smooth, for simplicity. A map such that f (U) ⊂ V is given in terms of the n real functions
which prescribe how one locally 'applies' the source (or a submanifold of it) onto the target. The full map may be obtained by combining such local applications until we cover the whole of M. The differential of f at x ∈ M is, in a sense, the best linear approximation of f near x and induces the linear map between the tangent spaces:
In coordinates, we have:
Note that the m × n matrix of first-order partial derivatives ∂ a f α is nothing but the Jacobian matrix of the map and can be used to pullback or pushforward different kinds of tensors. Formally, df is a section of the tensor product bundle
i.e. it is a tensor field of mixed type which can be thought as a f −1 T N-valued 1-form living in the source space. The Riemannian structures associated to M and N naturally induce a covariant differentiation D in E. In particular, the quantity Ddf (also called the second fundamental form) is given by
where M Γ c ab and N Γ α βγ are the Christoffel symbols corresponding to the the metrics g and h, respectively. Generalization to objects with more than one internal index follows the same route: simply add one connection N Γ α βγ term to 'covariantise' each of the internal indices. In particular, there follow:
which means that contractions with metrics commute with covariant derivations. It is worth noticing that expression (7) is bi-covariant in the sense that its geometrical meaning do not depend on coordinate reparametrizations both in M or N. Note also that
with || the usual covariant derivative compatible with h. The trace of the second fundamental form with respect to g is denoted by τ (f ) and is called the tension field for the map τ (f ) := trace g Ddf (10) implying that τ ∈ f −1 T N . In other words, one can think in τ as a rule assigning to the point x a vector living in the tangent space of N at the point f (x). More explicitly, we have:
where the first term in he RHS is nothing but the Laplace-Beltrami operator ∇ 2 g acting on f α . A map with zero tension is called a harmonic map if M is Riemmanian and a wave map when M is pseudo-Riemmanian (in what follows we deal only with Riemmanian manifolds). Important examples of these maps appear in the study of geodesics, minimal surfaces, harmonic functions, membranes, Skyrme-like-models among others. The theory of harmonic maps was first established by Eells and Sampson [16] , while interesting applications to physics are found in Misner [17] and Wong [18] (see also [19] ).
B. Schrödinger maps
From now on we restrict ourselves to the study of maps into a special class of 2-dimensional targets. To be specific, we assume (N, h) is orientable, simply connected and rotationally symmetric about a base point O. These targets carry a one-parameter family of rotational isometries and admit a local chart, centred at O, such that the metric reads
with F (0) = 0. Well known examples include the maximally symmetric cases, surfaces of revolution embedded in three-space and squashed surfaces along the z axis.
We shall see next that, for these spaces, there is a natural generalization of the Schrödinger equation leading automatically to a conservation law. An important ingredient in our construction will be the area function A ∈ F (N) defined by
Essentially, this function is defined as the area of a disk with geodesic radius R and center O. It is clear that its existence is an intrinsic property of the manifold that holds regardless of whether we even employ coordinates. Interestingly, the covariant Hessian of A is given by
with σ a function of position (whose explicit form is unnecessary for our discussion here). Also, the area function naturally induces the one-form K ∈ Ω 1 (N), defined by:
with ⋆ denoting Hodge dualization with respect to h and the factor (2π) −1 introduced for convenience. Hence, one obtains the vector field
with ǫ αβ the Levi-Civita tensor in N. A direct calculation using (14) reveals that K α is a Killing vector, i.e. L K h = 0. In components, we have
In other words, K α is the generator of infinitesimal rotations about the base point O. With respect to the coordinate patch (12), K α is nothing but the azymuthal vector −∂/∂Φ.
Let f t be a one-parameter family of smooth maps
represented in coordinates by y α = f α (t, x). The image of a point x ∈ M is a trajectory in N, whose tangent is expressed by the quantity ∂ t f α ∈ T f (t,x) N. We call a Schrödinger map a family f t such that
where c 1 and c 2 are real constants to be determined later on, ⋆τ is the Hodge dual of the tension and
Given the particular differential operators involved, equation (19) constitute a system of second order nonlinear evolution equations for the map. The system relates well defined geometrical quantities in the tangent spaces of (N, h) and is manifestly bi-covariant by construction. It is important to keep in mind, however, that Schrödinger maps will be, in general, many to one and we may need to deal with several different tensions at the same point f (t, x).
It is obvious that we can compose f t with A to construct a map (A • f t ) : R × M → R. It turns out that if f t is a solution of (19) , the quantity A(f α (t, x)) satisfies the conservation law
with the current co-vector given by
From this definition it is clear that the current is proportional to the the pull-back along the map of the Killing one-form, i.e. J ∝ f * K. We will normally think in J as a one parameter family of one-form fields in M. The proof of (20) is straightforward and is based on the following identity
where we have used the chain rule and Eq. (19) . As K α ∂ α A = 0, by construction, we have after some simple manipulations
Recalling that the tension is given by τ α = D a ∂ a f α and applying the Leibniz rule, we obtain
Now, using formulas (9) and (17) one concludes that the first term in the RHS identically vanishes, implying in (20) with (21). A remarkable consequence of the conservation law (20) is that it can be interpreted in a fully geometrical fashion. In order to conclude this, recall that the graph of a map
and that, since T (M × N) ∼ = T M × T N, we can define a Riemannian metric in the product as follows:
Now, the image of a point x ∈ M by a Schrödinger map defines a disk D t (x) ⊆ N, whose center is O and area A(f t (x)). Therefore, f t : M → N induces a stack of disks in M × N, for all times (the graph is tangent to the stack). The volume of such (m+2)-dimensional solid with respect to g M×N , which might depend on the time parameter, is given by
with dv g being the element of volume associated to g. Considering only the subspace of maps with finite V, and mild assumptions on the behavior of ∂ k f (namely, when the source space M is non-compact, we shall assume that f (t, ∞) = O, ∀t), we obtain that dV/dt = 0 . In other words, the continuity equation (20) implies, under these conditions, in the conservation of a volume in M × N. Equation (19) is the most general first order in time map equation where the conservation law (20) is satisfied, which makes the Schrödinger map very special. This comes, as we have seen, from the geometrical properties of ǫ α β τ β , and the fact that the Killing field K α is orthogonal to the gradient of area. This property allows the introduction of the arbitrary term F (t, x, y)K α in the RHS of Eq. (19) without loss of this fundamental property. Of course, one can also define a free Schrödinger map for the particular case when F (t, x, y) = 0.
III. APPLICATION TO QUANTUM PHYSICS
In the previous section we presented in general terms the class of maps we are interested in. Let us now apply this mathematical framework to the quantum theory of non-relativistic particles.
Physical theories aim at giving the time evolution of the relevant degrees of freedom describing physical systems through physical laws yielding equations (generally, differential equations), which completely determine the future configuration of the systems once we know precisely their initial conditions. The most powerful and elegant way to obtain these physical laws is through an action principle. However, it is of course practically impossible to know with infinite precision the initial conditions of any physical system, therefore another key ingredient is needed: some probability density distribution encoding our ignorance about initial conditions. Hence, one needs not only an action functional giving the laws of evolution, but also a suitable probability density distribution for the initial conditions.
In the case of l non-relativistic particles, the relevant degrees of freedom are points in a 3l dimensional configuration space (we are considering a 3−dimensional physical space, but the description can be straightforwardly generalized to any number of physical space dimensions), or surfaces on it, as in the case of holonomous constrained systems. As commented above, their physical evolution are characterized by two independent quantities: the law of evolution given by the action functional, and the uncertainty of initial conditions described by some probability density distribution. These two independent quantities can be used to build a 2-dimensional space. We have thus two spaces: the m = 3l-dimensional configuration space M containing the degrees of freedom of the physical system, and the n = 2-dimensional space N related to their laws of evolution and unavoidable uncertainties. We will consider both spaces endowed with a flat Riemmanian geometry. In the Conclusion we will discuss the consequences of relaxing this assumption.
In order to connect Eq. (19) to the usual Schrödinger equation, the quantity F must contain the classical potential energy, hence it should have dimension of energy, [F ] = E (the brackets mean"the physical dimension of"). . Hence we just define := 1/c 2 and c 1 =: − /(2m 0 ), the constant m 0 being a reference mass parameter. The masses of the particles may be properly inserted in the components of g ab through the dimensionless parameters m 0 /m i , m i being the mass of the i-th particle. In the evolution equations, the parameter m 0 always appears together with g ab . In this way, we can absorb the masses of the particles in g ab , still keeping it dimensionless.
With the above conventions the Schrödinger map becomes the one-parameter family
satisfying the equation
Since A(f t ) is a solution to the continuity equation (20) with
it is natural to interpret it as the probability density distribution and J a as the probability flux (note that, within this interpretation, O becomes the image of zeroprobability points in M). Interestingly, Equation (20) can be understood as the projection of Eq. (28) in the direction of ∂ α A. The other independent equation coming from Eq. (28) can be obtained through its projection in the orthogonal direction to the gradient of the area, which is the direction of the Killing vector K α . This projection reads
where the last term is a consequence of the identity
valid in Euclidean 2-space. Note that the term involving the tension splits in two terms with precise geometrical meanings
We recognize the first term on the RHS as the divergence of f * dA and the second as the Dirichlet energy for the map (see [18] for details).
There is another suggestive form for Eq. (32). Indeed, defining the scalar
where ∇ 
and the projector in its orthogonal direction,
one obtains
This projected equation must always go along with the projected equation leading to the conservation law, namely
with
Note that in the three equations (36), (37), (38), always appears multiplying the derivative of the maps in the direction of the rotation Killing vector, except inside Q (assuming that F does not depend on ). Hence, it could be absorbed in the definition of this projection and disappear from the equations, except in Q. The physical interpretation of the above equations will be discussed in the following section. Before doing that, let us write these equations in the two geometrically coordinates suitable to the problem: the Cartesian coordinates of flat N space, and the coordinates adapted to the area gradient and rotational Killing vector directions. In this last case, one can define the two bases functions e 
A. Cartesian coordinates
As we are assuming that the target space N is flat, we can choose Cartesian coordinates (X 1 , X 2 ), such that h = diag (1, 1) . The area function and the Killing vector read as
As the connections N Γ all vanish, we obtain (28) gives the linear equations
whereas the current has the form
B. Polar Coordinates
We now have y α = (R, Φ) with h = diag(1, R 2 ). The area function and the Killing vector have the form
while the non-vanishing connections are
A direct calculation yields
The components of Equation (28) take the form
Alternatively, defining the action function S = Φ, one can rewrite Eqs. (45) as
which are nothing but the two projections discussed in the last section. Also, the current reads
IV. GENERAL THEORY OF MOTION
As we have argued in the previous section, the 2-dimensional N space yields a 2-fold information about the physical system under consideration: its law of motion and their unavoidable uncertainties. Looking at Eqs. (20) and (26), it is natural to interpret the area function in N as a probability density distribution, furnishing information about the uncertainties in the physical system. By its definition, the area function is completely determined at each point in N through the radial coordinate of this point with respect to O. The other normal independent coordinate is, of course, the coordinate adapted to the integral curves of the rotational Killing vector K λ (Φ), which is orthogonal to the gradient of the area. Hence, this angular coordinate should yield the laws of motion of the physical system. Indeed, note that the current J a defined in M is just the pullback into M of the rotational Killing vector K λ . Also,
Hence, it is reasonable to postulate the following law of motion in M:
where the dot means time derivative. This equation is the natural covariant generalization of the time evolution equation furnished by the Hamilton-Jacobi theory, which can be explicitly obtained from Eq. (49) when one writes it using polar coordinates, see Eqs. (48) and (43). In this language, the emergence of different physical theories will depend on the choice of F (t, x, f ). Let us now discuss two very special cases.
A. Classical mechanics
Looking at Eq. (47), one can make a particular choice of F (t, x, f ) which render this equation with a very special form. This choice is
In this case, not only the constant disappears completely from both equations (46) and (47), but also Eq. (47) becomes independent of A. Assuming that V (t, x) is the potential energy of classical mechanics, Eq. (47) becomes the usual Hamilton-Jacobi equation for S which, together with Eq. (49), yields the classical dynamical laws governing the system of l non-relativistic particles. Equation (46) yields the continuity equation for the probability distribution of initial conditions. This is the simplest possible dynamics one can obtain from the combination of Eqs. (28) and (49). However, Eq. (28) is highly non linear and complicate. Hence, it is simpler to work with their projections, Eqs (46) and (47), leading to the Hamilton-Jacobi description of classical mechanics.
B. Quantum mechanics
Another particular choice of F (t, x, f ) which renders Eq. (28) into another very special form is
In this case, making use of the Cartesian coordinates presented in Subsection III.A, Eq. (28) becomes linear. Taking equations (40) and (41), and defining Ψ = X 1 + iX 2 , we can rewrite these two equations in the compact form
This is the only case in which the map equation can be put in linear form. Again, assuming that V (t, x) is the potential energy of classical mechanics, Eq. (28) reduces to the usual Schrödinger equation which, together with Eq. (49), yields the de Broglie-Bohm description of l non-relativistic quantum particles. Now Eq. (47) is not anymore independent of the area function A, and cannot be removed. The action function S giving the laws of motion is now entangled through in Eq. (47) with the area function A, connected with our ignorance about the initial conditions of the physical system. The constant gives the strength of this connection. This turns quantum mechanics fundamentally different from classical mechanics.
Contrary to the classical mechanics case, the choice (51) yields a complicate dynamics for the l nonrelativistic particles, but the map equation (28) is the simplest one, as it can be written in linear form. The superposition principle is now valid, with utmost importance for quantum physics. In this case, it is better to deal with the full map equation (19) (specially in its complex form), than with their projections.
C. Other possible dynamics
As we have seen, classical and quantum mechanics are very special cases of the many possible dynamics which can arise from Eqs. (28) and (49).
The mechanics arising from the choice (50) is the one with the simplest dynamical laws. They are completely independent from the area function (connected with our ignorance about initial conditions), and is irrelevant.
Note that we can construct other dynamics in which is irrelevant, but nevertheless the area function is important for the laws of motion, like in
It is clear that different choices are available, engendering many types of dynamics, but all of them are rather arbitrary.
The unique linear possibility is that of de BroglieBohm quantum mechanics, but the dynamics in this case necessarily depends on the area function and .
V. CONCLUSION
In this paper we constructed mathematical representations of physical theories describing l non-relativistic particles in terms of maps between the configuration space M containing the 3l degrees of freedom of the particles and the 2-dimensional flat space N yielding information about the dynamical laws through the action, and the uncertainty of initial conditions through its probability distribution. Both spaces are equipped with flat geometries. As non-relativistic particles are neither created nor destroyed, we proposed the most general timedependent maps from which conservation laws can be obtained yielding, under mild conditions, the conservation of the total number of particles, or equivalently, that the probability of finding each individual particle at some arbitrary place in physical space is constant and can be normalised to one.
All these physical quantities have a geometrical meaning: the probability distribution is the area of the disk surrounding the origin of N, the kinetic term of the map equation is the tension of the map, and the constant total probability of finding each particle somewhere in physical space is the stack of disks integrated along the map time evolution, which is the volume of the (m+2)-dimensional solid with respect to the metric g M×N . The action function leading to the laws of motion of the non-relativistic particles is the angular coordinate adapted to the rotational Killing vector in N, which is orthogonal to the gradient of the area. With the pull-back of the Killing one-form onto M and the area function, one can construct a vector field in M with velocity dimension, and proportional to the gradient in M of the Killing angular coordinate, to which we can connect a velocity field in M, as in Eq. (49). In this way, the laws of motion for the particles were established.
Classical and quantum mechanics emerge in this unified description as very special cases. Classical mechanics is the simplest case in which the projection of the map in the rotational Killing vector direction yields an equation for the action function completely independent from the area function. The constant disappears. We get classical mechanics in its Hamilton-Jacobi form. The law of motion coming from S has no dependence on our ignorance about initial position given by the area function.
Quantum mechanics is the case with the simplest map equation, which can be put in linear form through the employment of Cartesian coordinates in N. However, the projected equations in the directions of the gradient of the area and of the rotational Killing vector are entangled, and difficult to handle. In this case, it is better to deal with the linear map equation itself, and use the superposition principle it allows. The action function now depends on the area function and , hence the laws of motion are now mixed with our ignorance with respect to initial conditions. This makes the quantum dynamics much more complicate.
Note that the quantum mechanics we obtained appears naturally in the de Broglie-Bohm [8, 9] form. In order to get standard (Copenhaguen) quantum mechanics, Eq. (49) must be eliminated. However, in the way we are presenting the subject, this would be a rather ad hoc procedure, without any justification. Why Eq. (49) should be present for some map equations and absent for others? Furthermore, eliminating it creates some extraneous difficulties (evocation of a collapse postulate, the measurement problem, and so on [4] ). Hence, in this view, the de Broglie-Bohm quantum dynamics appears to be more natural than standard quantum mechanics.
The geometrical view of generalized mechanics of l non-relativistic particles we are presenting in this paper, which contains classical and quantum mechanics as particular cases, does not yet imply new physics. However, this rather different point of view offers natural generalizations which must be explored. What happens if we allow the N space to be curved? In this case, global Cartesian coordinates are not possible, and the map equation is necessarily non-linear, even with the choice Eq. (51). Hence, we get a natural non-linear generalization of the Schrödinger equation. And what happens if we endow N with some non-trivial topology? What is the relativistic generalization of this description? How can we describe quantum field theory and spinors in this framework? And how different are the evolution of maps in N space related with entangled states from the ones associated with separable states?
Finally, note that the conception of the target space N is quite unusual. It is a 2-dimensional space mixing certainty and determinism with ignorance and incertitude, the action giving the laws of nature with probability distributions expressing our necessary lack of information about initial conditions. These are two epistemological concepts, which are necessarily present in any physical theory, that are being represented in a mathematical space. One can say that the mixing of these two antagonistic concepts in the quantum dynamics, which does not happen in classical mechanics, is the essence of its dualistic nature.
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